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The coupling of orbital and spin degrees of freedom is the source of many interesting phenomena.
Here, we study the electron dynamics in a quantum billiard driven by a periodic electric field–a
mesoscopic rectangular quantum dot– with spin-orbit coupling. We find that the spatial and tem-
poral profiles of the observables demonstrate the transition to chaotic dynamics with qualitative
modifications of the power spectra and patterns of probability and spin density. The time depen-
dence of the wavefunctions and spin density indicates spin-charge separation seen in the decay of
the spin-charge density correlators. Experimental verification of this spin chaos effect can lead to
a better understanding of the interplay between spin and spatial degrees of freedom in mesoscopic
systems.
PACS numbers: 72.25.Dc,72.25.Pn,73.63.Kv,75.70.Tj
I. INTRODUCTION
The emergence of stochasticity is of fundamental im-
portance for classical and quantum physics with broad
interdisciplinary connections and applications [1–5]. Fas-
cinating examples of irregular dynamics can be found in
meso- and nanoscale systems, including quantum dots
[4, 6, 7]. While the understanding of charge transport
in such systems is already quite deep [8], the knowledge
of the chaotic spin evolution is still poor. Since the re-
lated branch of physics, “spintronics” is among the most
promising research fields [9–11], it is of importance and
applied interest to study the spin dynamics in mesoscopic
systems with coupled charge and spin degrees of free-
dom. A natural example for these studies is provided by
semiconductor structures where the spin-orbit coupling
(SOC) plays a significant role in dynamics, including the
ability of spin manipulation by electric field [12–16]. It
has been predicted that for a sufficiently strong driving
field the dynamics of charge and spin can become unex-
pectedly complicated for electron in a double quantum
dot [17–19]. However, it is not known what kind of irreg-
ular coupled dynamics one may expect in a mesoscopic
structure such as a semiclassical quantum billiard.
Without SOC such structures may demonstrate cer-
tain classical traits of the transition to chaos due to the
high density of states, including the formation of irregu-
lar wavefunctions inside the billiard [4, 6, 20, 21].
It is known that the eigenstates distributions in rect-
angular billiards with SOC demonstrate fingerprints of
chaos such as the Wigner statistics, not expected for in-
tegrable systems [22]. Since chaos driven by an exter-
nal periodic field is a common phenomenon in nonlinear
∗Electronic address: khomitsky@phys.unn.ru
systems, it is natural to ask whether an irregular mo-
tion arises in such a billiard for coupled charge and spin
channels under a periodic driving. The problem itself is
complicated since there are no explicit criteria for iden-
tifying the chaotic regimes in the dynamics of quantum
spin observables not having classical counterparts.
In this paper, we present a model for exploring dy-
namical regimes of coupled charge and spin degrees of
freedom for two-dimensional (2D) electrons confined in a
rectangular quantum billiard with Rashba SOC and an
in-plane magnetic field. We consider charge and spin dy-
namics driven by a periodic electric field resonating with
transitions between two nearest semiclassical size quanti-
zation levels. We observe strong indications of transition
to irregular dynamics both for spatial coordinates and
spins as studied using the Floquet stroboscopic technique
[2, 4, 18, 23]. Although the quantum nature of our sys-
tems hampers pure classical manifestation of chaos like
the Lyapunov exponents, the scenarios for both charge
and spin evolution suggest the transition to irregular
regimes. We found that the most sensitive observables
are the densities of charge and spin, where the textures
of different shapes determined by the driving frequency
and amplitude are formed. The results can be useful for
the understanding of the quantum chaos involving spin as
well as for the design of semiconductor-based spintronics
devices.
II. MODEL
Our Hamiltonian, H(t) = H0 + V (t), consists of the
unperturbed part H0 describing an electron confined in
the 2D rectangular billiard with sides a and b, hard-wall
boundary conditions, Rashba SOC and Zeeman interac-
tion to the in-plane magnetic field Bx:
2H0 =
p2
2m
+Hso +
1
2
gµBσxBx, (1)
where we take Hso = αR (σxky − σykx) in the Rashba
form. Here m, αR, and g are the electron effective
mass, Rashba SOC constant, and g-factor, respectively.
The in-plane magnetic field lifts the Kramers degener-
acy, however, does not cause the diamagnetic coupling.
Since the σx operator is present in both the SOC and
Zeeman terms, the Zeeman splitting is coupled to the
orbital quantization making it orbital state-dependent.
The spin-coordinate entangled wavefunction of the n-th
state of H0 can be constructed as a superposition of the
orbital wavefunctions multiplied by the two-component
spinors,
ψn(r) =
∑
lx,ly
[
ζ↑lx,ly
ζ↓lx,ly
]
n
· 2√
ab
sin
pilxx
a
sin
pilyy
b
, (2)
where the n-dependent coefficients ζ↑lx,ly and ζ
↓
lx,ly
are
determined from the matrix eigenvalue problem, and
r = (x, y). The SOC leads to the spin-coordinate en-
tanglement of the state ψn(r), while at αR = 0 the cor-
responding state is the product of the orbital state and
eigenstate of σx.
The typical level splitting in a µm-size billiard, being
significantly lower than in a nanoscale quantum dot, leads
to a better possibility to reproduce the quantum-classical
correspondence in the regular and stochastic evolution.
Berggren and Ouchterlony proved that the SOC leads to
the non-Poissonian level statistics, indicating the pres-
ence of quantum chaos [22]. However, this well-known
picture of static eigenstate description leaves open the
question on the dynamical characteristics of the associ-
ated evolution. In particular, on the difference between
simply irregular and chaotic behavior for coupled spin
and charge degrees of freedom, which we consider in our
paper. The external driving is needed since it allows
manipulating the perturbation amplitude in a controlled
manner, which is required in most of the applications to
transfer and keep the system in a required state in the
presence of inevitable momentum and spin relaxation.
We will see that the quantum-classical correspondence
with the generation of the chaotic behavior of observ-
ables will be maintained mainly in the initial period of
the evolution, and after that more regular quantum dy-
namics is achieved both for charge and spin degrees of
freedom. This is in agreement with general properties of
quantum chaos [1–5].
The driving term V (t) = eE0x cosωt, where e is the
fundamental charge, is chosen as the monochromatic uni-
form electric field of amplitude E0 which induces the local
resonance between the level pair split by En0 −En0−1 =
~ω0 for a given n0. Due to the spin-coordinate entan-
glement in Eq. (2), the electric field causes transitions
between states with different expectation values of spin,
and leads to nontrivial dynamics as discussed below.
To characterize the couplings in the system, we apply a
perturbative approach and find the dimensionless param-
eters for spin-orbit coupling and electric field strength.
We begin with the unperturbed spectrum:
E (lx, ly, σx) =
pi2~2
2m
(
l2x
a2
+
l2y
b2
)
+
1
2
gµBσxBx (3)
and take the main semiclassical term (assuming lx ≫
1, ly ≫ 1) in the energy difference of the same-spin states
∆E ≡ E (lx + 1, ly, σx)− E (lx, ly, σx) = pi
2
~
2
ma2
lx. (4)
For spin-orbit coupling we take the ratio
fso ≡ |〈lx + 1, ly, 1|Hso|lx, ly,−1〉|
∆E
=
2
pi2
αR
a
ma2
~2
, (5)
that is, essentially, the ratio of the billiard size to the spin
precession length ~2/mαR as a dimensionless strength
of spin-orbit coupling. For the driving field we proceed
similarly and define
fE ≡ eE0|〈lx + 1, ly, 1|x|lx, ly, 1〉|
∆El−1x
=
2
pi4
eE0ama
2
~2
. (6)
III. LEVEL VARIANCE EVOLUTION AND
FOURIER POWER SPECTRA
We begin by solving the nonstationary Schro¨dinger
equation with the driving V (t) in the basis of the eigen-
states (2) to obtain the spinor wavefunction
Ψ(r, t) =
∑
n
Cn(t)ψn(r), (7)
where the time-dependent coefficients Cn(t) are solu-
tions of a system of ordinary differential equations. The
initial condition is taken as the single level occupancy,
Cn(0) = δnn0 . The initial single level state can be
prepared in a mesoscopic billiard by resonant tunneling
of an electron with required energy, entering from at-
tached leads [28]. If the initial state is a superposition of
the eigenstates, its dynamics can be found as the cor-
responding superposition of the time-dependent states
demonstrated below.
For numerical calculations we consider a GaAs billiard
with (if not stated otherwise) αR = 5 meVnm, a = 2.1
µm and b = 1.5 µm (same as in Ref.[22]). Here ~2/ma2 =
0.26 µeV, and fso ≈ 2.0. We assume a magnetic field
Bx = 500 Gs with the Zeeman splitting of 1.3 µeV. The
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FIG. 1: (Color online) (a),(b) Stroboscopic evolution of the
variance ∆L of the level number effectively involved into the
dynamics for N = 500 periods, T , of driving field, (a) weak
driving electric field with amplitude E0 = 0.14 V/cm and
(b) moderate driving field E0 = 0.70 V/cm. After a short
period of diffusive growth the evolution of ∆L approaches the
stationary regime with stable average value. (c),(d): Fourier
power spectra (in dimensionless units) for the mean values of
σz spin component, (c) E0 = 0.14 V/cm and (d) E0 = 0.70
V/cm. The total observation time in (c) and (d) is Ttot =
100T .
typical driving frequency here is ν = ω0/2pi = 0.78 GHz,
and the initial state is on the level n0 = 200.
We calculate the evolution of quantum observables
using the wavefunction (7). The parameters describ-
ing the evolution in the Hilbert space can be chosen
as the mean level number L¯(t) =
∑
L L|CL(t)|2 and
its dispersion 〈∆2L(t)〉 = ∑L (L− L¯(t))2 |CL(t)|2. It
is known that during the initial stages of the develop-
ment of quantum chaos the variance of the level num-
ber ∆L(t) ≡ 〈∆2L(t)〉1/2 grows with time [2, 23]. This
corresponds to the diffusion in the Hilbert space with in-
creasing number of levels being involved, and represents
counterpart of the classical chaotic dynamics. After some
time, this stage transforms into the stabilized quantum
evolution, where ∆L(t) saturates, thus showing the sup-
pression of the Hilbert space diffusion [2, 5, 23].
The stroboscopic dynamics of level variance ∆L(t) is
shown in Fig.1 for 500 periods T , of driving (a) for the
moderate field E0 = 0.14 V/cm (fE ≈ 2.3) and (b) for
stronger field E0 = 0.70 V/cm (fE ≈ 11.5). It is clear
that the initial fast growth in the number of involved lev-
els ceases after N = 10 . . .30 periods of driving field, and
after that ∆L(t) demonstrates the oscillating behavior
around the average ∆Lav ≈ 9 in Fig. 1(a) and ∆Lav ≈ 46
in Fig. 1(b). This behavior corresponds to the expected
growth in the number of participating states with in-
creasing driving amplitude. We may conclude that the
dynamics rather quickly reaches a stabilized regime with-
out further diffusion in the Hilbert space, indicating that
even a large billiard with hundreds of levels involved in
the dynamics behaves essentially as a quantum system
without the long-lasting Hilbert space diffusion.
Quantum evolution can be described in terms of the
power spectrum, defined for an observable ξ(t) as
Iξ(ω) =
∣∣∣∣
∫ +∞
−∞
ξ(t)e−iωtdt
∣∣∣∣
2
. (8)
Figures 1(c),(d) show power spectra for the spin com-
ponent σz for the same driving fields, plotted in dimen-
sionless units for mutual comparison. While for Fig. 1(c)
the spectrum has the form of discrete harmonics, the
stronger driving field leads to qualitatively richer spec-
trum as shown in Fig. 1(d) where the lower band is filled
continuously. According to the basic concepts of quan-
tum evolution,[1] this may be considered as the onset of
chaos. It should be mentioned that the long-period
patterns in level variations visible in Fig.1(a),(b) provide
sizable contributions into the Fourier power spectra for
the spin component in Fig.1(c),(d) as the strong peaks
at the left part of the frequency axis near ω = ω0. How-
ever, the main difference between the regular and chaotic
dynamics is in the mid- and high-frequency part of the
spectrum, as it can be seen by comparing Figs.1(c) and
(d), where a densely filled frequency band in Fig.1(d)
represents the chaotic behavior.
IV. POINCARE´ SECTIONS
In order to gain insight into mutual impact of orbital
and spin motion, we plot the evolution of expectation
values in the pair of canonical variables (x(t), px(t)) and
in the non-canonical pairs (Sβ(t), Sγ(t)), where β and
γ are Cartesian coordinates. For a periodic driving it
is of interest to consider the Poincare´ sections at stro-
boscopic times t = NT (with N an integer) such as
(x(N), px(N)) or (Sβ(N), Sγ(N)). To obtain the evo-
lution with high accuracy, we use the Floquet strobo-
scopic technique which requires the direct integration of
the time-dependent Schro¨dinger equation only at a sin-
gle period T of the perturbation V (t). After that the
state of the system at any t = NT can be obtained by
a finite algebraic procedure [18, 23]. In Fig. 2 we show
the stroboscopic Poincare´ plots for the same fields as in
Fig.1.
Due to the Rashba SOC the coordinate degree of free-
dom evolves in the same manner as the spin one, indi-
cating an irregular regime of dynamics like a “stochastic
sea”[1, 2] without any “islands of regularity” with peri-
odic orbits. This example of dynamics may serve as a tool
for observing the spin chaos in quantum systems. In the
absence of SOC, the states would remain the eigenstates
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FIG. 2: (Color online) stroboscopic Poincare´ plots: (a,d) coor-
dinate mean values (x(N), px(N)) and (b) and (e) spin mean
values (Sx(N), Sy(N)) and (c) and (f) - spin mean values
(Sy(N), Sz(N)), shown for the driving field strength ((a)-(c))
E0 = 0.14 V/cm and ((d)-(f)) E0 = 0.70 V/cm. The coor-
dinate degree of freedom evolves in the same manner as the
spin degree of freedom due to Rashba SOC, both indicating
an irregular regime of dynamics. Momentum px is measured
in units of ~/µm.
of σx, and the Poincare´ sections would be reduced to the
points Sx(N) = ±1 and Sy(N) = Sz(N) = 0. Small
expectation values of spin components are due to the
spin-coordinate entanglement of the states in Eq. (2). It
can be seen that the spin dynamics is strongly sensitive to
the number of levels involved each having a different spin
polarization, so the amplitudes for the mean values also
grow at higher electric fields. By looking at Fig. 2 one
also notices that the dynamics in coordinate space is not
so sensitive to the driving field strength as the evolution
of spin variables. This can be explained by taking into
account the structure of eigenstates and the initial con-
dition of our evolution model which is an eigenstate with
a rather high number of spatial harmonics, and is com-
pletely delocalized in the billiard. The volume spanned
by the evolution of the (x, px) pair of mean values does
not expand greatly with increasing driving strength since
these variables have comparable expectation values for
two different numbers of levels effectively involved into
the dynamics for weak (Fig. 1(a)) and moderate (Fig.
1(b)) driving amplitudes.
It should be mentioned also that the average value of
spin for the weaker driving is shifted from zero more visi-
bly, as it can be seen in Fig. 2. We explain this behavior
by distinct, but generally alternating spin polarizations
of the basis states, where the greater number of states
involved at stronger driving leads to more effective can-
celing of non-zero contributions to the midpoint of spin
density stroboscopic ensemble.
V. SPIN TEXTURES AND SPIN-CHARGE
SEPARATION
A typical experiment with scanning of the billiard with
electron gas measures local spin density integrated over
the “spot” under the probe [24]. Thus, the evolution of
local spin density in the billiard can be of interest for fur-
ther experimental advances in exploring and controlling
various regimes of the driven spin dynamics. We then
look at the spatial distributions of spin density in the
whole billiard, or spin textures, considered at the strobo-
scopic time t = NT with arbitrary N , together with the
charge density contained in the spinor components.
The charge- ρ(r, N) and spin density components
Sβ(r, N) are found with the wavefunction (7) as
ρ(r, N) = Ψ†(r, N)Ψ(r, N), (9)
Sβ(r, N) = Ψ
†(r, N)σβΨ(r, N), (10)
respectively. In Fig.3 we show the probability distri-
butions for the charge and the Sz spin component for
the initial eigenstate (n = 200) with high number of
spatial harmonics, and after N = 500 periods of driv-
ing. The other components of spin density as well
as the probability density have similar patterns. The
charge and spin densities calculated at N < 500 indi-
cate that the picture is stabilized after several hundreds
of driving periods, similar to the mean level dynamics in
Fig.1(a),(b). We have found that the distributions pre-
sented in Figs.3(b),(c),(e),(f) are formed in the evolution
in the electric field as the interplay of two distinct pat-
terns, which modify the regular structure of the initial
state in Fig.3(a),(d). One pattern is the average-scale
and large-scale structure with regular spatial oscillations
stemming from the limited number of basis states effec-
tively involved into dynamics. The other pattern of spin
density in Fig. 3 has an irregular and spatially chaotic
character, mostly on the small and medium scales with
formation of peaks with variable height. The amplitude
of small scale irregular contribution to the spin density
grows with increasing driving strength. This is an indica-
tion of the chaotic regime which is induced in our system
at strong driving field. We have observed the formation
of similar two-scale density distributions for both charge
and spin also at longer times compared to the snapshot
in Fig.3. The formation of this stable picture can be at-
tributed to the onset of the quasi-stationary profile of the
5FIG. 3: (Color online) Probability density distributions for
(a)-(c) the charge and (d)-(f) the Sz component of spin den-
sity in the billiard (a),(d) for the initial state taken as an
eigenstate of the billiard with high number of spatial har-
monics, and after NT = 500 periods of driving field with am-
plitude (b),(e) E0 = 0.14 V/cm, and (c),(f) E0 = 0.70 V/cm.
The spatial distributions for the Sz (and other spin compo-
nents) have the regular component on the medium scale and
the irregular peaked contribution on small scale for both ini-
tial state (a),(d) and after the driven evolution (b,c,e,f).
dynamic regime for our driven evolution after the period
of initial quasiclassical chaotic-like regime. This can be
observed, for example, in the Hilbert space dynamics of
level number shown in Fig.1(a),(b). After the starting
period of diffusion in the Hilbert space described by the
growing number of levels involved into dynamics the evo-
lution is transformed into the quasi-periodic pattern with
the stable behavior of all the observables at arbitrary long
times, including the spin textures shown in Fig.3. Thus,
we believe that these stable and predictable two-scale
density patterns with both regular and irregular contri-
butions can be observed in scanning probe experiments
performed in various time frames.
In fact, such complicated spatial profiles of proba-
bility density are known in quantum systems like bil-
liards or waveguides demonstrating chaotic behavior
[4, 6, 20, 21, 25–27]. Finally, from Fig. 3 one may no-
tice a developing with the time difference between the
distribution of spin and charge, possibly indicating the
spin-charge separation in this system. Since the billiard
is a simple rectangular, we do not see any specific “scars”
in the density usually occurring in the chaotic billiards
where chaos appears due to their shape [20, 21, 26, 28].
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FIG. 4: (Color online) The magnitude of the time-dependent
correlator between the charge density and the Sx component
of spin density for E0 = 0.14 V/cm; αR = 0.5 meVnm (solid
line), αR = 1.5 meVnm (dashed line), and αR = 5.0 meVnm
(dashed-dotted line). The correlators fall below 0.2 when SOC
strength (5) is high, and the spin-charge separation occurs.
In our billiard the chaos is generated by the SOC rather
than by the geometry [22]. After turning on the driv-
ing this initially chaotic structure of the spectrum and
the eigenstates determines the dynamical variables and
density distributions such as the spin textures in Fig.3.
One of the tools for checking the degree of spin-charge
separation is the correlators between the charge- and the
spin density components taken on the spatial grid with
N points and treated as statistical variables. We then
calculate the correlators of quantities q and v as rq,v =
Kq,v/wqwv, where
Kq,v =
∑
i
qivi
N −mqmv (11)
is the correlation coefficient, mq,v is the mean value,
and wq,v is the corresponding variance. An example of
such a time-dependence is shown in Fig.4. The ampli-
tudes of correlators are below 0.2 when SOC is strong
(5) mixing several energy levels, and the spin-charge sep-
aration occurs. This result can be viewed as another
consequence of the strong SOC and driving producing
the time-dependent entanglement of the charge and spin
degrees of freedom.
VI. CONCLUSIONS
We have studied the electron dynamics in a quan-
tum billiard with spin-orbit coupling and driven by a
monochromatic electric field. It was found that the spa-
tial and time resolved patterns for probability and spin
densities demonstrate the onset of chaotic dynamics with
qualitative modifications of the power spectra and spatial
patterns. In particular, we have identified new regimes of
quantum chaos in this system described by two-scale spa-
tial charge and spin density distributions. The onset of
6spin-charge separation effect is predicted by the dynamics
of the spin and charge density correlators. Our predic-
tions can be important for the understanding of the cou-
pled spin-charge transport through mesoscopic billiards
driven by a uniform electric field, where chaos can arise
for both spin and charge current observables. The sta-
tionary density distributions seen in the absence of the
driving can be verified in the tunneling experiments sim-
ilar to those presented in Ref.[24].
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